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We analyze reent measurements [R. Blin, V. V. Laguta, B. Zalar, M. Itoh and H. Krakauer, J.
Phys. : Condens. Matter 20, 085204 (2008)℄ of the eletri eld gradient on the oxygen site in the
perovskites SrTiO3 and BaTiO3, whih revealed, in agreement with alulations, a large dierene
in the EFG for these two ompounds. In order to analyze the origin of this dierene, we have
performed density funtional eletroni struture alulations within the loal-orbital sheme FPLO.
Our analysis yields the ounter-intuitive behavior that the EFG inreases upon lattie expansion.
Applying the standard model for perovskites, the eetive two-level p-dHamiltonian, an not explain
the observed behavior. In order to desribe the EFG dependene orretly, a model beyond this
usually suient p-d Hamiltonian is needed. We demonstrate that the ounter-intuitive inrease of
the EFG upon lattie expansion an be explained by a s-p-d model, ontaining the ontribution of
the oxygen 2s states to the rystal eld on the Ti site. The proposed model extension is of general
relevane for all related transition metal oxides with similar rystal struture.
PACS numbers: 77.84.DY, 76.60.-k, 77.80.-e
I. INTRODUCTION
Perovskite ompounds ABO3, with A being an alkali,
alkaline earth or rare earth metal and B a transition
metal element, attrat muh attention beause of their
importane both for fundamental siene and for teh-
nologial appliations
1
. Although the high-temperature
ubi phase has a very simple rystal struture, this does
not prevent these ompounds to exhibit a large variety
of physial properties rendering the perovskites to model
ompounds for studies of a large variety of dierent phys-
ial phenomena. Within the perovskite family, we nd
superondutivity, e.g. in KxBa1−xBiO34, giant magne-
toresistane, e.g. in LaMnO3
5
, orbital ordering, e.g. in
YTiO3
6
and ferroeletriity, e.g. in BaTiO3
7
. The latter
phenomena are of large interest beause of tehnologial
appliations.
The ompounds SrTiO3 (STO) and BaTiO3 (BTO)
are usually onsidered to be isovalent. The valene and
ondution bands of the two perovskites are formed by
p-states of oxygen and d-states of titanium. In the high-
temperature ubi phase, the Ti and O sub-latties have
the idential geometry for STO and BTO, the lattie
parameters being a=3.8996 Å8 and a=4.009 Å1 respe-
tively. As the temperature lowers, both ompounds ex-
periene a softening of an optial phonon mode, whih
orresponds to Ti motion towards the oxygen
1
. BTO
exhibits a suession of phase transitions, from the high-
temperature ubi perovskite phase to ferroeletri stru-
tures with tetragonal, orthorhombi and rhombohedral
symmetry
1
. In ontrast, STO behaves as an inipient fer-
roeletri in the sense that it remains paraeletri down
to the lowest temperatures, exhibiting nevertheless a very
large stati dieletri response. It undergoes an antifer-
rodistortive phase transition at 105 K to a tetragonal
(I4/mcm) phase, but this transition is of non-polar har-
ater and has little inuene on the dieletri properties
2
.
The rst determination of the
17
O eletri eld gradi-
ent (EFG) on the oxygen site in perovskites was reently
reported for STO and BTO
3
together with rst-priniple
alulations using the linearized augmented plane wave
(LAPW) method was used. The most striking feature
in the experimental and theoretial data is the large dif-
ferene of the EFGs between the two ompounds. The
alulational investigation of Blin et al. onluded, that
the magnitude of the EFG of
17
O in BTO is larger than
the EFG of
17
O in STO due to two eets: (i) larger
lattie parameters in BTO ompared to STO and (ii)
a larger ioni radius of Ba ompared to Sr. While the
experimental determination (NMR) an not provide the
sign of the EFG, the LAPW alulation yielded a nega-
tive EFG. A negative EFG orresponds to a prolate ele-
tron density, whih implies the importane of ovalene
eets.
In order to eluidate the origin of the sign of and
the dierent ontributions to the EFG, we have per-
formed rst-priniple alulations using a loal orbital
ode (FPLO
9
) that is espeially suited to address these
questions due to its representation of the potential and
the density allowing easy deomposition. The alula-
tional details of our investigation are given in Se. II,
and the obtained results are presented in Se. III. These
results an not be explained by intuitive models, whih
are also desribed in this setion. Therefore, a more
omplex mirosopi model Hamiltonian is introdued in
Se. IV. Using the properties of this p-d like Hamilto-
nian, an agreement with the obtained experimental and
theoretial results and a deeper, mirosopially based
understanding is obtained.
2SrTiO3 BaTiO3 Ref.
|V expzz | 1.62 2.46 Ref. 3
V calzz -1.00 -2.35 Ref. 3
V calzz 1.00 2.44 Eq. (26)
V onzz -0.21 1.39 Eq. (27)
V offzz 1.21 1.05 Eq. (28)
V on,netzz,pp 96% 107% Eq. (31)
Table I: The experimental and alulated values of the EFG
(in 10
21
V/m
2
) on the oxygen site in the ubi phase of the
two perovskites. The last four lines refer to equations given
in the appendix.
II. CALCULATION METHODS
The eletroni band struture alulations were per-
formed with the full-potential loal-orbital minimum
basis ode FPLO (version 5.00-19)
9
within the lo-
al density approximation. In the salar relativisti
alulations the exhange and orrelation potential of
Perdew and Wang
10
was employed. As basis sets
Ba (4d5s5p/6s6p5d+4f7s7p), Sr (4s4p/5s5p4d+6s6p), Ti
(3s3p3d/4s4p4d+5s5p) and O (2s2p3d+3s3p) were ho-
sen for semiore/valene+polarization states. The high
lying states improve the ompleteness of the basis whih
is espeially important for aurate EFG alulations.
The lower lying states were treated fully relativisti as
ore states. A well onverged k-mesh of 455 k-points was
used in the irreduible part of the Brillouin zone.
III. FPLO ANALYSIS RESULTS
In FPLO, the EFG on a nuleus at a given lattie site
may be represented as the sum of two ontributions: An
on-site ontribution V onzz (see Eq.(27)), whih omes from
the on-site ontribution of the eletron density of the
given lattie site, and a seond term, the o-site ontribu-
tion V offzz (see Eq.(28)), whih results from the potential
of all other atoms (see App. A). The on-site ontribution
V onzz an be analyzed further. It an be split up in p-p,
s-d and d-d ontributions (see App. B).
The on- and o-site ontributions as well as their sum
and the dominating p-p ontribution (see Eq. (31)) are
shown in Tab. I. Whereas the total EFG for
17
O in
BTO agrees well with the experiment (1 % deviation),
the total EFG for
17
O in STO is in disrepany with
the experiment (38 % deviation), see Tab. I. Compared
to the EFGs alulated with the LAPW ode in Ref. 3,
we obtain almost the same absolute value of Vzz but the
opposite sign, see Tab. I. Our alulated EFGs as a fun-
tion of the lattie parameter a for both ompounds reveal
the same tendeny as observed in Ref. 3: The absolute
value of the EFG inreases under the lattie expansion
(see Fig. 1). From Fig. 1 we also onlude that the EFG
of BTO is not only larger than the EFG of STO due to
larger lattie parameters (lattie eet), but also due to
an ation eet, whih is responsible for the remaining
dierene. This lattie eet is demonstrated by the shift
between the two EFG urves in Fig. 1.
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Figure 1: Calulated Vzz in dependene of the lattie parame-
ter a. Vzz for the experimental lattie parameter is marked by
a shaded square. The ation and lattie eet, whih are
responsible for the dierene in Vzz for these two ompounds
are indiated by the red and blak arrow, respetively. In-
set: The anisotropy ount ∆p (see text) in dependene of the
lattie parameter a.
The inrease of the (absolute value of the) EFG upon
lattie expansion is rather ounter-intuitive. In the tra-
ditional approah, the spherially symmetri eletroni
shell of an ion is perturbed by the potential of the ex-
ternal (point) harges of the solid. As a result, the total
EFG on the ion nuleus is aused by the EFG of the ex-
ternal potential, and is roughly proportional to it. It is
lear that this approah predits the opposite tendeny:
The strength of the external potential is inversely propor-
tional to the lattie onstant and thus the (absolute value
of the) EFG should diminish under the lattie expansion.
The failure of this approah to desribe the observed be-
havior of the EFG indiates that a fully ioni desription
of the perovskites is inappropriate.
In an alternative approah, the eletroni shell of the
atom is disturbed by the hybridization of the wave fun-
tions with the states of the surrounding atoms. The
hybridization results in the asymmetry of the eletroni
loud of the atom and the EFG on its nuleus. Appar-
ently, this ovalent approah predits the same tendeny
as the ioni one: It is usually believed that the hybridiza-
tion diminishes with the inrease of the bond length. In
both approahes we may say: When expanding the lat-
tie, we diminish its inuene on the atom, and the ele-
troni shell should beome loser to that of the free atom.
Hene, we ome to the onlusion: The (absolute value
of the) EFG should diminish under the lattie expansion,
whih is opposite to the experimental observation and the
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Figure 2: The on-site V onzz , o-site V
off
zz and total EFG as a
funtion of the lattie parameter a. The grey shaded squares
mark the experimental lattie parameter for Vzz.
results of both rst-priniple alulations. We will takle
this problem in detail in Se. IV.
Another problem it the dierent sign of the EFG ob-
tained from the two dierent band struture odes. If
the sign of the EFG is taken into aount, the slope in
our graph (Fig. 1) is opposite to the slope in the graph
obtained with the LAPW ode (Fig. 5 in Ref. 3). Sine
the NMR experiment is not sensitive to the sign of the
EFG, we will investigate the inuene of the lattie ex-
pansion on the dierent ontributions to the EFG to get
more insight in this issue.
Our alulations show that both the on-site and the
o-site ontribution to the EFG have omparable val-
ues for the perovskite lattie, see Tab. I and Fig. 2. In
Fig. 2, the two ontributions, V onzz (dashed line) and V
off
zz
(dash-point line) and the total EFG (full line) are shown.
Whereas the o-site EFG dereases only slightly upon
lattie expansion, the on-site EFG inreases strongly with
inreasing lattie parameters, resulting in the signiant
inrease of the total EFG. We also observe that the o-
site EFG is almost idential for these two strutures,
whih is in line with the observed weak dependene of
V offzz on the lattie parameters.
The on-site EFG is mainly aused by eletrons with
p harater, see table I. Therefore, we will investigate
the orresponding anisotropy ount ∆p11. In the per-
ovskite struture ABO3, the oxygen site has axial sym-
metry, and the z-axis is direted along the B-O bond.
Thus, the anisotropy ount is the dierene between the
population of the oxygen 2p σ- (orresponds to pz) and
pi- (orresponds to px,y) orbitals. In the inset of Fig. 1 we
see that the anisotropy ount ∆p inreases with the lat-
tie expansion. This is in agreement with the inreasing
on-site EFG. If we fous on BTO, where the experimen-
tal and alulated (for the experimental lattie parameter
a = 4.009 Å) value for the EFG agree very well, we see
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Figure 3: Oupation of px and pz states in dependene of
the lattie parameter a.
that this positive Vzz orresponds to a positive ∆p. That
means the p eletron density (responsible for the EFG)
has an oblate shape, sine more eletrons are oupying
the px,y-orbitals than the pz-orbital, whih is in agree-
ment with the positive sign of the EFG.
After onluding that the sign of Vzz for
17
O for both
STO and BTO should be positive, we ome bak to the
ounter intuitive behavior of the inreasing EFG upon
lattie expansion. Fig. 3 reveals that the inrease of ∆p
under lattie expansion, whih is responsible for the in-
reasing EFG upon lattie expansion, is due to an in-
reasing oupation of pi- (orresponds to px,y) and an
dereasing population of σ- (orresponds to pz) orbitals.
IV. DISCUSSION
In order to understand this anomalous behavior of
the σ-orbital, we will analyze the main features of the
eletroni struture of perovskites. Detailed band stru-
ture studies of perovskite ompounds were performed by
Mattheiss
12,13,14
, who also proposed a rst tight-binding
t for the band dispersions. Wolfram et al.
15,16,17
(f.
also Ref. 18) developed a very simple model (Wolfram
and Ellialtioglu, WE) for the valene and ondution
bands, whih reets their basi properties. The WE
model inludes the d-orbitals of the B ion and the p-
orbitals of the oxygen. Wolfram et al. pointed a quasi-
two-dimensional harater of the bands out, whih is due
to the symmetry of the orbitals. If one retains only
nearest neighbor hoppings, the total 14 × 14 Hamilto-
nian matrix (ve d-orbitals and 9 p-orbitals) aquires
blok-diagonal form at every value of the momentum.
The three 3 × 3 matries desribe the piij -bands (ij =
xy, yz, xz). Every dij -orbital of the t2g symmetry ou-
ples with its own ombination of oxygen 2p pi-orbitals,
whih lie in the same plane perpendiular to the bond
4diretion. They form a pair of bonding and anti-bonding
states. The remaining ombination of the 2p pi-orbitals
in the same plane forms the non-bonding band. Wol-
fram et al. all this group of bands pi-bands. The states
desribed by the 5 × 5 blok matrix are alled σ-bands,
sine they are formed by oxygen 2p σ-orbitals, whih are
oupled with the eg (dx2−y2 and dz2) orbitals of the B
ion. This matrix deouples into one non-bonding band
and two pairs of bonding and anti-bonding bands.
Fig. 4 shows the alulated band struture for STO
for two dierent lattie parameters a. The features men-
tioned above are learly seen (f. Fig. 2 of Ref. 17). The
anti-bonding piij -bands are situated between 2 and 4 eV,
where the piyz-band is almost dispersionless in the dire-
tion Γ → X . This manifests the quasi-two-dimensional
harater of the bands. The bands originating from the
d eg-orbitals are in the range from 4 to 8 eV, where the
band expressing dz2 harater is dispersionless along the
Γ → X diretion. The valene band has a more om-
plex harater due to additional mixing from the diret
p − p hopping. This is negleted in the simple version
of the WE model. Nevertheless, we see that the non-
bonding bands lie on top of the valene band and have a
muh smaller dispersion than the bonding bands, whih
lie below −1 eV (piij) and below −3 eV (σ-bands). The
latter have a larger dispersion due to muh larger d − p
hoppings.
Although the Kohn Sham theory is not good for ex-
itation spetra, or obtaining the orret energy gap, it
yields reliable oupation numbers, on-site energies and
transfer integrals, espeially in the absene of strong or-
relations. Therefore, we an use our LDA band struture
to obtain reliable parameters as input for further treat-
ment using model Hamiltonians.
In the following, we explore within the WE model
how the oupation numbers and the resulting anisotropy
ount for the p-orbitals depend on the lattie parameters.
In dieletri ompounds like STO and BTO, the bond-
ing and non-bonding states are fully oupied. Contrary
to the non-bonding bands, whih have almost pure p-
harater, the bonding and anti-bonding bands are mixed
p-d-bands. The population of the p-orbitals is given by
the sum of the oupation numbers of the non-bonding
and the bonding bands, whereof the latter are lattie pa-
rameter dependent.
Every pair of bonding and anti-bonding states is de-
sribed by an eetive two-level model
16
Hˆm = ∆m (|d,k〉 〈d,k| − |p,k〉 〈p,k|)
+Vmfmk (|d,k〉 〈p,k|+ |p,k〉 〈d,k|) . (1)
Here, m desribes the harater of the band m = pi, σ
and fmk is a dimensionless funtion, whih depends on
the dimensionless variable ka (note that k is measured
in units of pi/a, so neither ka nor fmk depends on a).
The state mixing is dened by the interplay of the on-
site energy dierene ∆m and the transfer integral Vm,
whih determines the bandwidth of the orresponding
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Figure 4: SrTiO3: band struture for two dierent lat-
tie parameters a = 3.8996 Å (blak/olored full lines) and
a = 4.009 Å (brown dashed lines). The dierent band har-
aters are given by dierent olors: blue (bonding, σ), yan
(bonding, pi), orange (non-bonding), red (anti-bonding, piij)
and green (anti-bonding, deg), see text. Sine it is not easy
to interpret the valene band, the olors in the valene band
are only approximate.
band. The eigenstates of the Hamiltonian Eq. (1) have
the form
|k, ν〉 = cdkν |d,k〉+ cpkν |p,k〉 , (2)
and for the p-states, the following energies and oupa-
tion numbers are obtained
Ekmν = ν
√
∆2m + V
2
m (fmk)
2
, ν = ±1 (3)
npkmν ≡ 2 |cpkν |
2
= 1−∆m/Ekν. (4)
ndkmν ≡ 2 |cdkν |
2
= 2
(
1− |cpkν |
2
)
= 1 +
∆m
Ekν
(5)
Here, ν = +1 desribes the anti-bonding and ν = −1 de-
sribes the bonding band. In this two-level system, two
asymptoti behaviors are possible. First, ∆m/Vm → ∞,
whih yields for the oupation numbers of the bonding
bands npkm,−1 → 2 and ndkm,−1 → 0. In this ase, both
eletrons are in the p-state of the ligand ion and d-states
are empty, alled the ioni limit. Seond, ∆m/Vm → 0,
whih yields for the oupation numbers npkm,−1 → 1
and ndkm,−1 → 1. In this ase, the eletrons are equally
shared by the p-, and d-states. This is the ovalent limit.
From the trends in Fig. 3, we observe that while the pop-
ulation of the pπ-orbitals inreases, the population of the
pσ-orbitals dereases. This means the Ti-O pi-bond gets
more ioni under lattie expansion (as expeted) whereas
the Ti-O σ-bond gets more ovalent, whih we will try to
explain with this model.
The parameters of this model an be extrated from
the band energies at symmetry points of the Brillouin
zone in Fig. 4 (see the App. C for more details).
5For example, the on-site energies ∆m an be obtained
from the Γ point, sine due to symmetry, the d−p mixing
vanishes at this point and the band states aquire a pure
d or p harater. For a = 3.8996 Å we have for STO
Edt2g ≈ 1.7 eV, Edeg ≈ 4.3 eV, Ep ≈ −1.2 eV. This yields
(using Eq. (42) and Eq. (41)) 2∆π = Edt2g −Ep ≈ 2.9 eV
and 2∆σ = Edeg − Ep ≈ 5.5 eV.
From these values and the fmk as given in Refs. 16,17
we obtain the Slater-Koster hopping parameters Vσ ≈
2.1 eV Eq. (44), Vπ = Vpdπ ≈ 1.6 eV Eq. (43) and Vpdσ ≈
2.7 eV Eq. (46)25.
Sine the oupation numbers of the non-bonding
bands do not depend on the lattie and the anti-bonding
bands (ν = +1) are not oupied, we onsider the bond-
ing bands (ν = −1) only. The ontributions from the
bonding bands to the population of the pm orbitals npm
are obtained by a sum over the Brillouin zone. In order
to analyze the oupation in dependene of the lattie ex-
pansion, we need the derivative of the oupation number
with respet to the lattie parameter a. From Eq. (4) we
obtain for the derivative (denoted by ′)
n′pkm,−1 =
V 2m (fmk)
2
∆m(√
∆2m + V
2
m (fmk)
2
)3
(
∆′m
∆m
−
V ′m
Vm
)
. (6)
The derivative of npm is proportional to
n′pm ∝
(
∆′m
∆m
−
V ′m
Vm
)
. (7)
Fig. 3 shows that n′pm has a dierent behavior for m = σ
(n′pσ is negative) and m = pi (n
′
ppi is positive). Thus,
within the WE model, the observed inrease of the EFG,
whih is due to the dereasing oupation of the pσ-
orbitals would yield
−
V ′σ
Vσ
< −
∆′σ
∆σ
. (8)
Both ∆σ and Vσ derease upon lattie expansion:
Fig. 4 shows that the energies at the Γ-point Edeg and
Edt2g and the bandwidths are smaller for the larger lattie
parameter a = 4.009 Å, than for the smaller lattie pa-
rameter a = 3.8996 Å. A ommonly aepted estimate19
for the dependene of hopping integrals on a is Vσ ∝ a
−α
with α between 3.5 and 4 (from the LDA band struture,
we obtain α = 3.5± 0.5). This gives
− a
V ′σ
Vσ
= α ≥ 3. (9)
∆σ is the dierene in energy of the atomi levels or-
reted by the rystal eld (CF)
26 ∆σ = εd − εp + δCF,σ.
The rystal eld onsists of two ontributions
20
: A (dom-
inating) eletrostati ontribution, whih is the dier-
ene of the Madelung potentials of Ti and O, hene
δCF,el ∝ a
−1
, and a hybridization ontribution, whih,
in our ase (otahedral oordination), ontains a large
and strongly a-dependent ontribution for m = σ from
the semi-ore s-states of the ligand. Indeed, (f. Fig. 4)
the hange due to the inreasing lattie parameter a is
muh larger for ∆σ than for ∆π. The main eletrostati
ontribution, whih implies δCF,el ∝ a
−1
, leads to
−a
∆′σ
∆σ
=
δCF,el
∆σ
.
Sine εd − εp + δCF,el > δCF,el is δCF,el/∆σ < 1 and
therefore
− a
∆′σ
∆σ
< 1. (10)
Combining the estimates from Eq. (9) and Eq. (10), we
get
− a
∆′σ
∆σ
< 1 < 3 ≤ −a
V ′σ
Vσ
. (11)
This is in ontradition to the inequality (8), leading to
the onlusion that the WE model, though onsistent
with the intuitive expetations (see Se. III) is unable to
predit the observed behavior of the σ-orbital oupation
in Fig. 3.
A possible reason for the failure of the WE model is
that aording to Ref. 14, a large ontribution to the CF
omes from the oxygen 2s-orbitals, whih lie almost 18 eV
below the Ti 3d level, ∆sd = 17.9 eV, but have a large
matrix element Vsdσ = 3.0 eV with the eg orbitals. This
suggests to extend the WE model taking into aount the
oxygen 2s-states in order to explain the inreasing EFG
upon lattie expansion. This is Harrison's model, where
Vsdσ is obtained from Eq. (45)
Γ12 =
εs + εd
2
±
√
(
εs − εd
2
)2 + 6V 2sdσ,
with εs = −16.2 eV, εd = 1.7 eV and Γ12 = 4.3 taken
from the band struture.
Taking the s-orbitals into aount, Vσ in the inequal-
ity (8) is replaed by Vsdσ. Harrison
19
argues that the
a dependene of Vsdσ is similar to the a dependene of
Vpdσ. This suggestion is onrmed by our LDA alula-
tions. Thus, we obtain
Vsdσ′
Vsdσ
= −
α
a
. (12)
On the right hand side we have the on-site energy dif-
ferene, whih is given by ∆σ ≈ ∆π + 3V
2
sdσ/∆sd, f.
Eq. (49). The derivative of this expression is
∆′σ ≈
6
∆sd
VsdσV
′
sdσ . (13)
Note, that here we assumed ∆′π = ∆
′
sd = 0. Applying
Eqs. (13) and (12) yields
−
∆′σ
∆σ
=
α
a
6V 2sdσ
∆sd∆π + 3V 2sdσ
. (14)
6Inserting Eq. (12) and Eq. (14) in the inequality (8), we
obtain within the Harrison model the observed inrease
of the EFG, due to the dereasing oupation of the pσ-
orbitals, if the following inequality is fullled:
α
a
= −
Vsdσ′
Vsdσ
!
< −
∆′σ
∆σ
=
α
a
6V 2sdσ
∆sd∆π + 3V 2sdσ
⇔
1
3
∆sd∆π
!
< V 2sdσ. (15)
Using the values obtained from the LDA band stru-
ture (Vsdσ = 3.0 eV, ∆sd = 17.9 eV and ∆π = 1.4), we
see that Eq. (15) is fullled. Thus, the inequality Eq. (8)
holds for the STO σ-orbitals and the observed negative
slope of nz in Fig. 3 an be understood.
After revealing the origin of the ounter-intuitive be-
havior of the on-site EFG, we will disuss the unusually
large value of the o-site EFG of the onsidered om-
pounds. The dependene of this ontribution with re-
spet to the lattie parameter an be estimated in the fol-
lowing way: From the multipole expansion of a potential
of a given ion, the sum of the monopole ontributions to
voff (r) Eq. (22) has the slowest onvergene. This on-
tribution may be alulated within a point harge model
(PCM). Therefore, we note that the Vzz value reated in
the origin by a unit harge situated at the point R equals
the value of the z-omponent of the eletri eld Ez, re-
ated in the origin by the unit dipole direted along z-axis
and situated at the same point R: Vzz = (3Z
2−R2)/R5.
That means, for the alulation of the EFG within the
PCM, we need the eletri eld S(r) of dipoles loated
at the sites R, whih are polarized along the z dire-
tion and whose polarization is unity, at various points r
through the ubi lattie: S(r) =
∑
R
Ez(R − r). Here,
r = a(x, y, z) and R = a(l,m, n) with a being the lat-
tie parameter and l,m, n = 0,±1,±2. Using Eq. (16) of
Ref. 21, we obtain for the EFG in the PCM at the oxygen
site
V PCMzz = −
e
a3
[
nTiS(0, 0,
1
2
) + nAS(
1
2
,
1
2
, 0)
+2nOS(0,
1
2
,
1
2
)
]
= −
e
a3
[30.080nTi − 8.668 (nA − nO)] . (16)
Here, nTi is the monopole moment of the ioniity of Ti. If
we insert the harges of the Ti ion nTi, the O ion nO, and
the A ion nA = −(nTi +3nO) (with A=Sr, Ba) obtained
from the FPLO alulations, we obtain e.g. for STO
V PCMzz = 1.30 · 10
21
V/m
2
. This value is very lose to
V offzz = 1.19·10
21
V/m
2
, see Tab. I. So, we obtain a good
agreement for the EFGs obtained from the simple PCM
model and the more omplex alulation. This means,
the FPLO ode yields realisti relations of the harge
distributions.
The prefator e/a3 in Eq. (16) is responsible for the
observed derease of the o-site ontribution in ase of
lattie expansion, see Fig. 2. Also the harge redistri-
bution may hange the value of V offzz , but as we see in
Fig. 2, it has a minor eet: The o-site EFG for BTO is
smaller than for STO, but the distane between the two
urves is smaller than the lattie parameter dependene
of the two urves.
V. SUMMARY AND CONCLUSION
In summary, we have performed rst priniple alu-
lations of the eletri eld gradient on the oxygen site
for BaTiO3 and SrTiO3 for dierent lattie parameters
a. The values of our alulated EFGs agree well with the
measured and, apart from the sign, with the alulated
(LAPW) ounterparts from Ref. 3.
Deomposition of the EFG yields a large on-site ontri-
bution originating from the oxygen 2p shell. The on-site
EFG reveals an anomalous dependene of the pσ-orbital
population with respet to the lattie parameter a: The
population dereases under lattie expansion, i.e. the p-d
hybridization grows with inreasing Ti-O distane. Sim-
ple ioni and ovalent approahes lead to the onlusion
that this behavior is ounter-intuitive. Also the eetive
two-level Hamiltonian proposed by Wolfram and Ellial-
tioglu, whih desribes the relevant states of the valene
region (oxygen p- and titanium d-states) fails to desribe
the observed behavior of the EFG upon lattie expansion.
Only the inlusion of the O 2s states to the rystal eld
results in a onsistent piture: In fat, lattie expansion
auses a harge transfer from the pσ- to the s-orbitals of
oxygen, whereas the population of the oxygen pi-orbitals
inreases with a. This harge redistribution leads to the
inrease of the EFG, whih is the main reason for the sur-
prisingly large dierene of the EFGs between BaTiO3
and SrTiO3.
We expet that the observed feature, the inrease of
the anisotropy ount of the p-shell with the bond length,
is ommon to all d-metal-oxygen bonds and should be
taken into aount aordingly in the interpretation of
the relevant experiments.
The onsidered ATiO3 systems are not strongly orre-
lated, sine the Ti 3d shell is formally empty. For mag-
neti ions with partially lled d-shells, the inuene of
the O 2s orbitals will be diminished beause the harge
transfer energy ∆sd will inlude the on-site Coulomb re-
pulsion within the d-shell.
As a side eet, our investigation sounds a a note of
aution: When performing a mapping of a omplex DFT
band struture alulation onto a mirosopially based
minimal model in order to gain deeper physial under-
standing, are has to be taken that all relevant intera-
tions are inluded.
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VI. APPENDIX
A. EFG implementation in FPLO
The EFG is a loal property. It is a traeless sym-
metri tensor of rank two, dened as the seond partial
derivative of the potential v(r) evaluated at the position
of the nuleus
Vij ≡
(
∂2v(r)
∂i ∂j
−
1
3
δij∆v(r)
) ∣∣∣∣∣
r=0
. (17)
With the denition
V2m ≡
√
15
4pi
lim
r→0
1
r2
v2m(r), (18)
an the Cartesian EFG tensor Eq. (17) also be expressed
in (real) spherial omponents (l = 2, m = ±2,±1, 0)
Vij =


V22 −
1√
3
V20 V2,−2 V21
V2,−2 −V22 − 1√
3
V20 V2,−1
V21 V2,−1 2√
3
V20

 . (19)
In FPLO, the EFG on a nuleus at a given lattie site s0
may be represented as the sum of two ontributions
Vij ≡
(
∂2
∂i∂j
−
1
3
δij∆
) [
von(r) + voff (r)
]
(20)
von(r) =
∑
L
∫
d3r′
ns0,L (|r
′|)YL (r′)
|r− s0 − r′|
, (21)
voff (r) =
∑
R+s 6=s0,L
∫
d3r′
ns,L (|r
′|)YL (r′)
|r−R − s− r′|
(22)
−
∑
R+s 6=s0
Zs
|r−R− s|
,
where YL are the (real) spherial harmonis; R is a Bra-
vais vetor, and s is an atom position in the unit ell.
The index L = nlm also absorbs the spin and the prin-
ipal quantum number. The rst term in Eq. (20), the
on-site ontribution, omes from the on-site ontribution
of the eletron density of the site s0, and the seond term,
the o-site ontribution, omes from the potential of all
other atoms.
Sine the angular momentum omponents of the loal
harge density give rise to multipole moments, whih de-
termine the Coulomb potential for large distanes, FPLO
uses the Ewald method to handle the long-range inter-
ations (see
9
setion D). The density is modied with a
Gaussian auxiliary density n˜l(r) = nl(r)− n
Ew
l (r)
27
. In-
serting this modied density in the potentials Eq. (21)
and Eq. (22) yields
v(r) = v˜on(r) + vEw,on(r) + v˜off(r) + vEw,off(r). (23)
These ontributions are alulated to get the total EFG.
The rst ontribution is v˜on(r) in Eq. (23). This
potential is given by Eq. (21) using the modied den-
sity n˜s0,L(r
′). The orresponding v˜s0,2m(r) omponents
needed in Eq. (18) are obtained from the solution of the
radial Poisson equation (see Ref. 9 Eq. (49))
v˜s0,L(r) =
4pi
2l + 1
[ 1
rl+1
∫ r
0
dxxl+2n˜s0,L(x)
+rl
∫ ∞
r
dxx−l+1n˜s0,L(x)
]
.
Using the rule of L'Hospital we obtain for the V˜ on2m om-
ponent (from whih V˜ onij is obtained)
V˜ on2m = 2
√
3pi
5
[
ns0,2m(0)
5
+
∫ ∞
0
dxx−1n˜s0,2m(x)
]
(24)
The rst term in Eq. (24) is the 2m omponent of the
eletroni density at the nuleus ns0,2m(0) ≡ n˜s0,2m(0).
The n2m omponent of a spherial harmoni expansion
of an analyti funtion around a given point behaves as
n2m = O(r
2). The only non-analytiities of the eletron
density are aused by the spherial singularities of the
nulear potential and this an not be aspherial. There-
fore n2m(0) = 0, whih an be shown expliitly both in
a non-relativisti and full relativisti theory.
The seond ontribution is v˜off (r) in Eq. (23). This
potential is given by Eq. (22) using the modied density
n˜s,L(r
′). Sine the density ns,2m is not given at the site
s0, where the atom under onsideration is sitting, this
equation has to be expanded. This an be done expliitly
but the derivation as well as the result for V˜ offij are very
bulky
24
and therefore not given here.
The third ontribution are vEw,on(r) + vEw,off(r) in
Eq. (23), whih have to be alulated from the Ewald
density alone. The auxiliary density nEwl (r) is given as
a Fourier expansion, resulting in the Ewald potential in
Fourier spae vEw
G
= 4π|G|2n
Ew
G
, Eq. (52) in
9
. V Ewij is
obtained by dierentiating vEw(r) =
∑
G
eiGsvEw
G
V Ewij = −
∑
G
(
GiGj −
1
3
G
2δij
)
ℜ(eiGsvEw
G
) (25)
The total EFG tensor Vij is given by the sum of these
three ontributions
Vij = V˜
on
ij + V˜
off
ij + V
Ew
ij . (26)
In order to analyze the on-site and o-site ontributions,
we dene the on-site EFG as being the rst term in
8Eq. (20), but alulated from the unmodied density
V on2m = 2
√
3pi
5
∫ ∞
0
dxx−1ns0,2m(x). (27)
The o-site EFG then is taken to be
V off2m = V2m − V
on
2m. (28)
B. Orbital ontributions to the EFG
In FPLO the eletron density is separated into a net
density and an overlap density (see Ref. 9 setion B). The
dominating net density is alulated from two orbitals at
the same site R+ s = R′ + s′ = s0
nnets0 (r) =
occ∑
k,nL1,L2
ck,n
s0L1
ϕs0,L1(r− s0) · c
⋆k,n
s0L2
ϕs0,L2(r− s0).
The basis funtions ϕs0,L are loalized on the lattie sites
ϕs0,L(r− s0) ≡ φ
l
s0
(|r− s0|)YL (r− s0) .
The 2m omponent of the radial net density, needed for
the ontributions of the net EFG, an be alulated from
nnets0,2m(r) =
∫
nnets0 (r)Y2m (r− s0) dΩ (29)
=
∑
L1,L2
cL1L2φ
l1
s0
(|r− s0|)φ
l2
s0
(|r− s0|)G
m1,m2,m
l1,l2,2
,
where Gm1,m2,ml1,l2,2 are the Gaunt oeients and cL1L2 =∑
k,n c
k,n
s0L1
c⋆k,n
s0L2
. Due to the properties of the Gaunt o-
eients, nnet
s0,2m onsists only of p-p, d-d, and s-d (and if
present p-f and f -f) ontributions. These ontributions
to the on-site net EFG V on,netzz are obtained by inserting
Eq. (29) into Eq. (27). E.g. the p-p ontribution V on,net2m,pp
is alulated from
V on,net2m,pp = 2
√
3pi
5
∫ ∞
0
dxx−1nnet,pp
s0,2m
(x) (30)
nnet,pp
s0,2m
(x) = [φ1
s0
(x)]2
∑
m1,m2
cm1,m21,1 G
m1,m2,m
1,1,2 .
The main omponent V on,netzz,pp =
2√
3
V on,net20,pp is alulated
from
nnet,pp
s0,20
(x) =
√
1
5pi
[φ1s0(x)]
2
∑
k,n
(
ck,n
s0,1,0
c⋆k,n
s0,1,0
(31)
−
1
2
(
ck,n
s0,1,−1c
⋆k,n
s0,1,−1 + c
k,n
s0,1,1
c⋆k,n
s0,1,1
))
.
We see, that this density is proportional to the dierene
of oupation in pz (m = 0) and px,y (m = ±1) states,
whih is the anisotropy ount.
a [Å℄ Γ12 Γ1 Γ15 Γ25 Γ15 Γ
′
25 Γ12 X5 X1
3.8996 -17.199 -16.177 -2.891 -1.166 -0.372 1.709 4.319 3.705 6.551
4.009 -16.923 -15.968 -2.828 -1.046 -0.408 1.579 3.800 3.332 5.798
Table II: The energies at the Γ and X points in SrTiO3 given
in eV. Here, Γ1 ≈ εs, Γ25 ≈ εp, Γ
′
25 = Edt2g ≈ εd and Γ12 =
Edeg
C. Bakground for Se. IV
In order to extrat the parameters from the band stru-
ture we need the total Hamiltonian
Hˆ =
∑
m
[
Hˆm + em (|d,k〉 〈d,k| + |p,k〉 〈p,k|)
]
. (32)
Here, Hˆm is the Hamiltonian given in Eq. (1) and em is
the mean energy of a pair of bands. The energies are
therefore obtained from
Ekmν + em = em + ν
√
∆2m + V
2
m (fmk)
2. (33)
For the three pairs of the piij bands, fmk is given by
f2πijk = 2 (2− Ci − Cj) , (34)
with Ci ≡ cos(kia). The two σ-bands are distinguished
by the index λ = ±1 and fmk is
f2σλk = 3− Cx − Cy − Cz
+λ
(
C2x + C
2
y + C
2
z − CxCy − CxCz − CyCz
)1/2
.(35)
Inserting these in Eq. (33) for the Γ point (ka = 0), and
the X point, (kxa = pi, ky = kz = 0) we obtain
Γ25 = eπ −∆π = eσ −∆σ, (36)
and Γ25 ≡ Ep ≈ εp
Γ′25 = eπ +∆π, (37)
and Γ′25 ≡ Edt2g ≈ εd
Γ12 = eσ +∆σ, (38)
and Γ12 ≡ Edeg
X5 = eπ +
√
∆2π + 4V
2
π , (39)
X1 = eσ +
√
∆2σ + 4V
2
σ . (40)
Here, ε denotes the energy of the atomi level, and E
denotes the energy level orreted by a 'rystal eld' δCF ,
see below.
Now it is trivial to nd the parameters ∆m, Vm
2∆π = Γ
′
25 − Γ25 ≡ Edt2g − Ep, (41)
2∆σ = Γ12 − Γ25 ≡ Edeg − Ep = εd − εp + δCF ,(42)
4V 2π = (X5 − Γ
′
25) (X5 − Γ25) , (43)
4V 2σ = (X1 − Γ12) (X1 − Γ25) . (44)
9The energy values at the dierent Γ and X points for
SrTiO3 are given Tab. II.
So far, we have used the WE model, i.e. we have taken
into aount only the oxygen p and the titanium d states.
Sine this model is not suient to explain the observed
behaviour of the oxygen pσ-states, we have to expand
the model. Harrison's model
19
inludes also the oxygen
s-states. The s-states hange the dispersion in the σ
bands, so that we have two parameters Vpdσ, Vsdσ in-
stead of just one Vσ. Thus, the expressions beome more
omplex, even in the symmetry points. In this model,
the Eqs. (36), (37) and (39) remain the same and the pa-
rameters εp, εd and Vπ are unhanged. For Γ12 Eq. (38)
and X1 Eq. (40), Harrison obtains
Γ12 =
εd + εs
2
+
√(
εd − εs
2
)2
+ 6V 2sdσ, (45)
X1 ≈
εdσ + εp
2
+
√(
εdσ − εp
2
)2
+ 4V 2pdσ, (46)
where εdσ = εd + 2V
2
sdσ/∆sd. From these equations,
the parameters Vpdσ and Vsdσ an be obtained. Besides,
there is also an additional equation for Γ1
Γ1 = εs. (47)
Substituting ∆sd ≡ εd − εs ≫ Vsdσ in Eq. (45), we
obtain
Γ12 =
εd + εs
2
+
(
∆sd
2
)√
1 +
24V 2sdσ
∆2sd
≈
εd + εs
2
+
(
∆sd
2
)[
1 +
12V 2sdσ
∆2sd
]
= εd + 6
V 2sdσ
∆sd
Hene,
Edeg ≡ Γ12 ≈ εd +
6V 2sdσ
∆sd
, (48)
For the main text, we need an expression for ∆σ:
∆σ = (Γ12 − Γ25) /2
= (Γ12 − εp) /2
≈
1
2
(
εd +
6V 2sdσ
∆sd
− εp
)
= ∆π + 3V
2
sdσ/∆sd. (49)
Finally the hopping parameters of both models are
given in the Table III
Remark:
In the WE model, we use Em as model parameter,
hene Γ ≈ ε, and in the Harrison model, we use εm as
model parameter, hene Γ = ε. However. there is some
a Vsdσ Vpdσ Vσ Vpdpi = Vpi
3.9 2.9855 2.7237 2.0754 1.5590
4.0 2.7054 2.4064 1.8486 1.3854
Table III: parameters of WE and Harrison models
ontribution of the CF ating on the e.g. p-states at the
Γ point: The interations with Sr states, with ore states,
with Madelung potentials et. Therefore, εp is rather a
model parameter than the true atomi energy, Ep, of a
2p state. If we speak about the model only, we may drop
Ep and Et2g, and retain only εp, εd and Eeg .
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eld: ∆σ = Ed −Ep = εd − εp + δCF,σ, f. Eq. (42). Note,
that δCF,m is dierent for m = pi and m = σ, sine εd is
the atomi energy level, and thus does not depend on m.
This is the main reason, that, δCF,σ > δCF,pi. Furthermore,
δCF,σ has strong dependene on a.
27
Note, that we use another sign in the denition of nEw
ompared to
9
Eq (46) and (47).
